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EQUATIONS FOR A SEMIEMPIRCAL TmORY OF TURBULENT TRANSPORT 

A. T. Onufriyev 

ABSTRACT: A closed system of equations f o r  t h e  
anisot ropic  na tu re  of a  flow is constructed on 
t h e  assumption t h a t  t h e  length  of t h e  mixing 
length  is not  shor t  compared with t h e  charac ter -  
i s t i c  dimension of t h e  flow. It is t e e n  t h a t  t h e  
v e l o c i t y  pu l sa t ion  f i e l d  can be charac ter ized  by 
a mult ipoint  d i s t r i b u t i o n  funct ion  s a t i s f y i n g  t h e  
equation of cont inui ty .  This  r e s u l t s  i n  equations 
f o r  s ingle-point  and double-point d i s t r i b u t i o n  
functions.  

A number of suggest ions a r e  advanced deal ing with t h e  na tu re  of t h e  /62* 
Y 

f o r c e s  ac t ing  on t h e  tu rbu len t  formation (%ole t t  o r  vor tex)  i n  t h e  f low 

with t h e  c o r r e l a t i o n  time between t h e  random f o r c e  and t h e  s c a l e  and t h e  

i n t e n s i t y  of t h e  turbulence,  with t h e  expression of t h e  i n t e g r a l  i n  t h e  equa- 

t i o n  f o r  t h e  single-point  d i s t r i b u t i o n  funct ion ,  and with t h e  expression 

f o r  t h e  c o r r e l a t i o n  t ensor  i n  t h e  i s o t r o p i c  case,  The computation of 

moments y i e l d s  a system of Reynolds equations i n  which approximations usual ly  

taken from considera t ions  of dimensionali ty a r e  made f o r  a number of summands, 

Here t h i s  is t h e  r e s u l t  of approximations f o r  t h e  f o r c e s  i n  t h e  d i s t r i b u t i o n  

funct ion  equation, Closure of t h e  system of equations f o r  t h e  moments 

reduces t o  solving t h e  equation f o r  t h e  d i s t r i b u t i o n  funct ion ,  And it is 

shown t h a t  t h e  i n t e g r a l  na ture  of t h e  t r anspor t  ( d i r e c t  d i f fus ion)  is asso- 

c i a t e d  with cons idera t ion  of t h i r d  order  moments, A number of examples 

of flows f i x i n g  t h e  values  of t h e  empirical cons tan t s  a r e  reviewed, A 

system sf equations is obtained f o r  use  i n  considering a f low with s t rong 

anisotropy of tu rbu len t  t r anspor t .  

Generally known r e s u l t s ,  based on t h e  inc lus ion of equations f o r  second 

moments and considera t ions  of dimensionali ty f o r  t h e  expression f o r  t h e  

* Numbers i n  t h e  mmgin i n d i c a t e  paginat ion i n  t h e  fo re ign  %exto  



corresponding summands i n  t h e  equation f o r  t h e  tu rbu len t  energy balance i n  

terms of i n t e n s i t y  and turbulence s c a l e ,  a r e  contained i n  t h e  inves t iga t ions  

made by A. N. Kolmogorov, L. Prandt l ,  J, Hotta, and o t h e r s  ( a  bibliography 

and summary of t h e s e  works can be found i n  [ I ] ) .  

A number of papers have attempted t o  descr ibe  t h e  tu rbu len t  t r anspor t  

process by using k i n e t i c  equations [2] ,  a s  well a s  by using an analogy t o  

t h e  neutron t r anspor t  and r a d i a t i o n  processes [3,41. Reference [!t1 lists 

t h e  corresponding bibliography. 

1, Turbulent t r anspor t  model. I t  is assumed t h a t  a  mult ipoint  d i s -  

t r i b u t i o n  funct ion ,  which can cha rac te r i ze  t h e  ve loc i ty  pu l sa t ion  f i e l d ,  
(N) f  (qi, pi, T, $1 ( i  = 1, ..., N), where q are coordinates ,  pi are 

i 
formation pulses ,  T is t h e  temperature,% is t h e  admixture concentrat ion,  

s a t i s f i e s  t h e  equation of cont inui ty .  

(only a f low with small changes i n  temperature and concentra t ions  w i l l  be 

considered,  such t h a t  t h e  magnitudes with dens i ty  pu l sa t ion  should be  ig- 

nored everywhere except f o r  t h e  summand with t h e  acce le ra t ion  of g rav i ty  

C11). 

The simplest  assumption poss ib le  is made with r e spec t  t o  t h e  formation 

sca les :  a t  every point  i n  t h e  flow t h e  s i z e  of t h e  moles can be charac- 

t e r i z e d  by a s i n g l e  s c a l e  va lue  proport ional  t o  t h e  i n t e g r a l  c o r r e l a t i o n  

s c a l e  wi th  which t h e  magnitude of t h e  mixing length  is associa ted ,  and 

defined as t h e  d i s t ance  cha rac te r i z ing  t h e  l o s s  of c o r r e l a t i o n  between 

t h e  o r i g i n a l  and f i n a l  pos i t ions  of t h e  mole [5]. 

The simultaneous d i s t r i b u t i o n  funct ion  a t  n p o i n t s  PI /63 

s a t i s f i e s  t h e  equation 



One of t h e  bas ic  assumptions concerns t h e  form of t h e  expression f o r  

t h e  f o r c e  ac t ing on t h e  mole, I t  is assumed t h a t  t h i s  f o r c e  comprises two 

p a r t s :  t h e  f i rs t ,  Fi = (dpi / d t )  descr ibes  t h e  hydrodynamic i n t e r a c t i o n  
1 ' 

of t h e  mole with t h e  flow, thanks t o  t h e  existence of t h e  r e l a t i v e  v e l o c i t y ,  

and is i n  form s imi la r  t o  t h a t  f o r  t h e  f o r c e  ac t ing on a  sphere with rad ius  

L; t h e  second is connected with t h e  ac t ion  of f l u c t u a t i o n s  i n  pressure  on 

t h e  mole. This  is a  random force  t h a t  depends on a l l  t h e  coordinates i n  

t h e  f i e l d ,  Ye. A. Novikov used random forces  t o  descr ibe  t h e  turbulent  

flow f i e l d  i n  [ 6 3 ,  It was taken t h a t  f l u c t u a t i o n s  i n  pressure  change q u i t e  

r ap id ly  compared with change i n  t h e  d i s f r i b u t i o n  funct ion,  and t h a t  t h e  

f o r c e  assoc ia ted 'wi th  t h e i r  ac t ion has c o r r e l a t i o n  t i m e  7 .  Then in tegra t ion  

of Eq. (1.2) i n  t h e  cor re la t ion  time l i m i t s  from -7 t o  0 y i e l d s  [7]. 
r- - - 

Here W(Ap) is t h e  p robab i l i ty  of pulse  devia t ion by Ap, Since t h e r e  

i s  no p o s s i b i l i t y  of obtaining an exact so lu t ion  by using E q ,  (1,3) ,  an 

attempt w i l l  be made t o  use it t o  obta in  expressions f o r  s ingle-point  

and two-point d i s t r i b u t i o n  funct ions  i n  terms of t h e  parameters f o r  an 

inhomogeneous f low f i e l d .  

Let us assume t h a t  f( ')  = f  f o r  n  = 1, and 
-- 

The following approximation is taken f o r  t h e  expression f o r  t h e  i n t e g r a l  

i n  t h e  r i g h t  s i d e  
3 

- - 7 

I 
1 

t 

Here f o  is t h e  loca l  eq;ilibr&' value of t h e  d i s t i i b u t i o h f u n c t i o n .  

!&e considera t  ions  f o r  t h i s  approximat ion are purely qudh i t a t i v e ,  and are 

based on t h e  f a c t  thaP; t h i s  srgprsxiwation is widely u s e d i n  t h e  k i n e t i c  



theory of gases,  although t h e  sense of t h e  r i g h t  s i d e  is d i f f e r e n t ,  a s  w e l l  /64 
.LI 

a s  i n  what i s  completely an equil ibrium case,  

The r e l a t i o n s h i p  used on t h e  b a s i s  of dimensionali ty cons idera t ions  

where A is an empirical cons tan t ,  f o r  7 magnitudes, and t h i s  is customary. 

This  s i m p l i f i e s  Eq. (1.4) considerably 

Cer ta in  r e l a t i o n s h i p s  based on experimental d a t a  concerning t h e  f r i c -  

t i o n ,  hea t  exchange, and mass exchange processes f o r  a body moving i n  a 

f l u i d  must b e  taken f o r  t h e  magnitudes I? = (dpi / d t ) l ,  dT/dt, and %/dt. i 
I n  p a r t i c u l a r  

Here t h e  r e s i s t i n g  f o r c e  is approximated by an expression t h a t  i s  v a l i d  

f o r  l a r g e  values  of t h e  l o c a l  Reynolds number ( see  [3,81 as.wel1) .  

It would be d e s i r a b l e  t o  r e t a i n  t h e  i n t e g r a l  na tu re  of  t h e  so lu t ion  
(2) f o r  t h e  d i s t r i b u t i o n  funct ions  f and f i n  t o t s ,  but t h i s  can only be 

done f o r  t h e  funct ion  f. The developed const ruct ion  can be  improved if 

success can be had i n  obtaining a more s a t i s f a c t o r y  presenta t ion  f o r  f and 
(2)  

f o  

2. Equationsi Multiplying Eq, (1.6) by ~ ( u ,  T, X), and in tegra t ing  

over t h e  e n t i r e  v a r i a b l e  space u ,  T, X, w e  obta in  t h e  t r anspor t  equation 
- - - - - 

a a d~ a~ - at (P) <Q> A- <P> ( u ~ Q )  - @> <pi $> 4 - <P> <xT> - 
1 (2.1) 

cmx aQ .- ( P ) < ~  K> = 5.1-IQ (to - I ) ~ u ~ T ~ x  

u u  
2 

Assuming Q = 1, ua, u , a T9 U T9 , X 9  u$, x2, we can obta in  
Q( 

equations f o r  t h e  mean magnitudes and second moments (summing not  done i n  

terms sf a and @), Then it is taken t h a t  t h e  magnitude <p is a constant .  

S t r i c t l y  speaking, t h i s  corresponds t o  constancy i n  f low f o r  t h e  va lue  of 

t h e  energy of t h e  pu l sa t ion  motion, When t h e  e n t i r e  f low is considered, 

including t h e  regions n e m  t h e  s o l i d  wall ,  or t h e  f r e e  boundany, where 



t h i s  condi t ion  is v io la ted ,  it becomes necessary t o  introduce t h e  magnitude 

"for  t h e  densi ty  of t h e  turbulent  s t a t e  of t h e  flow" < P > ,  which is associated 

with t h e  c o e f f i c i e n t  of in termi t tence ,  and what then must be considered 

is a f low consis t ing  of two condi t ions  f o r  t h e  medium: laminar, and turbu- 

l ent  . 
The equation of cont inui ty  is  

are 

The equation of motion f o r  t h e  mean ve loc i ty  values is  

The equations f o r  t h e  components of t h e  t ensor  of t h e  Reynolds s t r e s s e s  

- (1 C 1 u,'u~'> 3* / %L.+ r-l ['/,Ed (a,  0) - (ua'ue') 1 , 
I 

The energy equation is -- 

The equations - f o r  t h e  components of t h e  v e c h r  f o r  t h e  kurbulent heat 

f l u x  are 
: .. 8 

(') (P'uO T-1 (CpTru() - C$ ( F f p ' )  g6(zi ,  1) ' ----- 
<P) dt (P) 

c 1  , 

The equation f o r  t h e  i n t e n s i t y  of temperatme f luc tua t fons  is 

No equations w i l l  be wr i t t en  f o r  t h e  concentrat ion f i e l d ,  E ~ s ,  (2.2)- 

(2,7), (1.6), ( 1  -5), and t h e  s c a l e  equation ( c i t e d  i n  t h e  next sec t ion)  

comprise a closed system, The t h i r d  order moments contained i n  t h e  second 

order moments equation must be determined by using t h e  so lu t ion  f o r  t h e  

d i s t r i b u t i o n  function,  



Let us t & e  t h e  expression -- E1'2<u ,> f o r  t h e  magnitude 

3 .  Equation f o r  s c a l e  L. An approximate equation f o r  L can be obtained 

by in tegra t ing  and angle averaging t h e  equation f o r  t h e  second rank cor re la -  

t i o n  t ensor ,  j u s t  a s  ~ o t t a ' [ g ]  did. The only d i f fe rence  is t h a t  t h e  o r i g i n a l  

equation and t h e  approximate expressions f o r  t h e  t h i r d  order moments i n  
(2)  t h i s  paper a r e  based on Eq. (1.3) f o r  t h e  d i s t r i b u t i o n  function f 

(b )  This equation is mul t ip l ied  by u ( ~ )  and u , and in tegra ted  over t h e  
CY B 

e n t i r e  v a r i a b l e  space. The r e s u l t  of using t h e  equation of motion a t  p o i n t s  

a and b ,  and the. 'equation of cont inui ty ,  is t o  obta in  t h e  t r anspor t  equation 

i n  t h e  following form. Let us introduce t h e  following va r iab les :  t h e  

d i s t ance  between p o i n t s  a and b of t h e  flow, 6 ,  and t h e  coordinates 
I ,  

C k  * X b  x X p b )  = [X(kb) + xpj . 0 . , 

A s  w i l l  be seen, t h e  s c a l e  is not a s c a l a r  magnitude i n  t h e  general 

case. But it is d e s i r a b l e  t o  give f u r t h e r  considerat ion t o  t h e  simplest 

case  during t h e  f i r s t  approximatation considerat ion,  when a number of 

s implifying assumptions are made (one of which is t h e  introduction of but 

one'mean s c a l e  a t  a ~ s i n t ) ,  W e  w i l l ,  t he re fo re ,  proceed a s  follows, W e  
(b)  w r i t e  t h e  equation f o r  t h e  sw < u ' ~ ( ~ ) u ~  >, i n t e g r a t e  t h e  equation a t  t h e  

point  (ab) with respect  t o  t h e  d i s t ance  between p o i n t s  a and b,  and with 

respect  t o  t h e  angle, and take  t h e  mean  value 
-- - 



It is assumed t h a t  t h e  l a t t e r  summand, which depends on t h e  pulsa t ions  

i n  pressure ,  is i n  t h e  form L. ?-l<u1 (a )  (b)>7 and t h a t  it can be combined 
CY ui 

with t h e  summands corresponding t o  t h e  d i s s ipa t ion .  Moreover, we w i l l  assume 

t h a t  . 

The r e s u l t  is t h e  following approximate equation f o r  L 
i 

- a,~%3a, / 4 - 2aggL (p'u,') 1 ( p )  
% 

Let u s  consider t h e  fol lowing,  very simple, model f o r  purposes of deter -  

mining t h e  form of t h e  dependency of t h e  t h i r d  order moments f o r  t h e  inhomo- 
(2)  

geneous case. The p r inc ipa l  r o l e  i n  t h e  equation f o r  f is played by 

pulsa t ions  i n  pressure,  and t h e  r e s i s t i n g  f o r c e s  can be ignored. Then t h e  

ease  of t h e  s t a t ionary  f i e l d  can be considered, f o r  which t h e  equation f o r  
,(2) i n  coordinates (ab) has t h e  form L9 rc 

- - 

11% + Uib))a/(a)/ axPb) + ( u t )  - ukb)) a/")/ asr = r-I ( F  - f")) 1 
- -- 

4 (3.3)  
-- 

I n  t h e  homogeneous case  f L Z )  is dependent only on 6 and sa tksf  ies t h e  

equation - - 

(up) - u L ~ ) )  a f t )  J ack = 7-1 ( P  - f f ) )  

We obta in  t h e  cor rec t ion  f o r  t h e  expression f o r  t h e  homogeneous case  

by s u b s t i t u t i n g  t h e  value fL2' from Eq. (3.3) i n  t h e  expression f o r  f ( 2 )  

- * ,-- - - 

I n  t h i s  expression t h e  parameters E, Lg and <u m >'must be considered a s  - /67 
func t ions  of t h e  coordinates,  The following d e r i v a t i v e s  can be contained 

i n  t h e  r i g h t  s i d e  during d i f f e r e n t i a t i o n  
- - 



Assuming equal i ty  t o  zero of t h e  "semiinvariantst '  (cumulants) [l] of 

four th  and f i f t h  orders ,  t h e  four th  moments can be expressed i n  terms of t h e  

second, and t h e  f i f t h ,  which prove t o  be proport ional  t o  t h e  t h i r d ,  should 

be ignored i n  t h e  approximation considered f o r  weak inhomogeneity, Spe- 

c i f  i c a l l y  

After in tegra t ion  with respect  t o  t h e  d i s t ance  between t h e  p o i n t s  and 

t o  t h e  angle,  t h e  r e s u l t  is 

I 

The magnitudes of the ' cons tan t  Y and Y2 should be determined from 
1 

t h e  experimental d a t a o  Subst i tu t ing E g ,  (3.5) i n  E g .  (3.2), w e  ob ta in  t h e  

f i n a l  equation f o r  t h e  s c a l e  a s  

[y,EaE /axl + %EdL/ axI]) -- adE8/*3ao 14- 2aggL (p'u, ') I (p) 

This equation is i n  keeping with t h e  s c a l e  equation obtained by Rotta 

[ 9 ] ,  who used a number of r e l a t i o n s h i p s  and hypotheses f o r  s p e c t r a l  funct ions  

i n  its development, Here t h e  equation is obtained by using d i s t r i b u t i o n  

funct ions ,  

4 .  The equations i n  t h e  foregoing r e f e r  t o  a developed turbulent  

flow, a d  do not take  i n t o  considera t ion t h e  processes associated with 



molecular d i f fus ion ,  Consideration of t h e  flow i n  t h e  region where v i s c o s i t y  

has a s u b s t a n t i a l  e f f e c t  r equ i res  co r rec t  computation of t h i r d  moments, 

because t h e s e  l a t t e r  play a determinant r o l e  i n  t h i s  region. 

The b a s i s  f o r  t h e  determination of t h e  magnitudes of t h e  t h i r d  moments 

should be t h e  so lu t ion  of t h e  equation f o r  t h e  d i s t r i b u t i o n  funct ion ,  There 

i s  no p o s s i b i l i t y  of s t r u c t u r i n g  a so lu t ion  f o r  f i n  simple form, so  we 

s t r u c t u r e  an approximate so lu t ion  t h a t  w i l l  p roper ly  consider  t h e  fundamental 

c h a r a c t e r i s t i c  of t h e  tu rbu len t  t r anspor t  process ;  t h e  generat ion of moles, 

and t h e i r  propagation over considerable d is tances .  The e f f e c t  of t h e  re-  Y /68 

s i s t i v e  f o r c e s  w i l l  be ignored i n  t h e  equation of t h e  d i s t r i b u t i o n  func t ion ,  

although t h e  re spec t ive  summands a r e  not  small ,  genera l ly  speaking, and we 

w i l l  cons ider  a plane flow i n  which t h e  f low parameters depend s o l e l y  on t h e  

t r ansverse  coordinate,  Then 

The equation of viscous shear  is i n  t h e  form 

Cowput ing t h e  magnitudes 

(u,'u,.~) = (u. - (ux))  u,"fdliJu"dudu, 

we c m  be  persuaded t h a t  Eq, ( 4 , 2 )  is s a t i s f i e d  once a d i r e c t  s u b s t i t u t i o n  

is made, But v iscous  shean. E g ,  ( 4 - 3 )  descr ibes  t h e  i n t e g r a l  t r anspor t  when 

t h e  mixing length  is long, s o  d i f fus ion  of t h e  d i r e c t  type  is equivalent  

t o  t h e  computation f o r  t h e  t h i r d  order  moment, 

Let us  he re  note  f u r t h e r  t h a t  approximations f o r  f o r c e s  ac t ing  on t h e  



mole and adopted i n  t h e , d i s t r i b u t i o n  funct ion  equation l ed  t o  expressions 

t h a t  were used f o r  t h e  summands containing pressure  f l u c t u a t i o n s ,  and were 

introduced because of cons idera t ions  of dimensionali ty and because of phys- 

i c a l  considerat ions.  There is a d i f fe rence  i n  t h e  summand charac te r i z ing  

t h e  d i s s i p a t i o n  of energy, f o r  here  t h e  i s o t r o p i c  expression 

usual ly  was used. 

And t h e  following expression too  was obtained here  

t h a t  is, t h e  d i s s i p a t i o n  of energy f o r  t h e  component of t h e  k i n e t i c  energy 
t n  

of t h e  puf s a t i o n  motion, Cu 4 f o r  example, is proport ional  t o  t h i s  magni- 
X 

tude  -. E1'2<~ '3, and cannot be taken a s  equal t o  one-third of t h e  t o t a l  
X 

magnitude of d i s s i p a t i o n  of energy. 

5. T h e s t e a d y g l a n e  Let us  consider  a 

s teady isothermic p lane  flow, again f o r  t h e  case  when t h e  flow parameters 

change i n  t h e  d i r e c t i o n  of t h e  y a x i s  only. Flow v e l o c i t y ,  U, is d i rec ted  

along t h e  x ax i s ,  

Layer of constant  viscous shear. This flow can be  observed* a t  a d i s t ance  

from t h e  wall (v i scos i ty  e f f e c t  can be ignored).  Third order  moments equal 

zero,  Let us  introduce t h e  dimensionless magnitudes , 

- 
W e  ob ta in  as a r e s u l t  (B =, a + 3 / , a 0 ~ )  

. 
--- -- -- - 

I -- 
; i t ,  (u2'uvt) v a a  -. - i I 

. . ;/ . ,  

i: I 
dU9 B (ufPa)+ (Ei)'/s (a+)% ' 1 

i '  
-2- = -  

dy; AL+ + "3 7 
i I B (u;'z)+ (E+)'IS - ( E + ) ~ ~ B  i 

0 AL+ - a / 8 p  A L+ . I 



These equations y ie ld  

What fol lows from t h i s  l a t t e r  is 

i L+ --r (joy* 

and from t h e  f i r s t  
--z 

1 

3ao~'/' 
. . 

~ + = ~ ~ ~ $ ~ ( + ~ l n ~ + = ~ ~ + X - l i n y +  

t h a t  is, t h e  logari thmic law f o r  v e l o c i t y  d i s t r i b u t i o n  known f o r  t h i s  case. 

The value  of t h e  constant  % = 0.40. We w i l l  a l s o  say t h a t  Po = 0.40, and 

t h a t  a = 0.345. Then aoA = 4/3 and A = 3.86. The r e l a t i o n s h i p s  given 
0 

above w i l l  y i e l d  t h e  following f o r  t h e s e  values of t h e  cons tan t s  

These values  a r e  i n  s a t i s f a c t o r y  concordance with t h e  experimental 

d a t a  [lo]. 

I so t rop ic  plane flow beyond a l a t t i c e .  The equations are g r e a t l y  s i m -  

p l i f i e d  f o r  i s o t r o p i c  flow because 

Viscous f o r c e s  can be ignored, v e l o c i t y  U i s  constant ,  and w e  have 

t h e  expressions 
C '  s d E  & / d a b s : -  . . dLL9 a,13%3ao 

a t - = = I - - - ~  7 . 1 1  dx 4L iis Q 
=:-& 

. . 

Third order  moments t o o  have been ignored-here.  What fol lows from /70 . 

t h e s e  equations is t h e  r e l a t i o n s h i p  f o r  t h e  L. G, Loytsyanskiy invar i an t  [ll] 

and s i n c e  1 - % should equal 1/5, a = 0.8. 



I t  is now easy t o  f i n d  t h e  dependencies 

This  corresponds t o  A. N. Kolmogorov's known r e s u l t s .  

Flow i n  a wind tunnel .  Here it is taken t h a t  s c a l e  L is constant ,  

t h a t  is is proport ional  t o  t h e  dimensions of t h e  c e l l s  i n  t h e  l a t t i c e ,  

whereupon t h e  equation C121 t h a t  fol lows is v a l i d  

Here 1 is t h e  longi tudinal  i n t e g r a l  s c a l e ,  t h a t  is, a magnitude t h a t  

is proport ional  t o  L ( c lose  t o  AL, because t h i s  va lue  is included i n  t h e  

index of t h e  exponent), I n  t h i s  case  t h e  equation of t h e  magnitude E 

y i e l d s  

8 dE / dt = - aoL'-'E'I~ 

Comparing t h e s e  two r e l a t i o n s h i p s ,  we obta in  t h e  evaluat ion 

which agrees wi th  t h e  value 3/4aoA = 1, taken previously.  

6 Passage t o  t h e  l i m i t  r e l a t i o n s h i p s  of t h e  mixing length  theory,  

A system of equations descr ibes  tu rbu len t  t r anspor t  without t h e  in t roduct ion  

of an assumption a s  t o  t h e  smallness of t h e  magnitude of t h e  mixing length ,  

La Lo Prandt l  developed t h e  mixing length  theory on t h e  b a s i s  of an analogy 

with molecular t r anspor t  i n  a continuous medium mode when E is small compared - 

with t h e  c h a r a c t e r i s t i c  s i z e  of t h e  problem, We w i l l  come t o  t h e  model 

of t h e  mixing length  theory i f  we t a k e  i n t o  cons idera t ion  t h e  f a c t  t h a t  

when L 0 t h e  magnitudes 7 and <u s u  @ >  ( i # j )  a r e  small f i r s t  order  magni- 
i j  

tudes ,  and t h a t  E is a f i n i t e  magnitude. In  order  t o  s a t i s f y  t h e s e  condi- 
0 

t i o n s ,  it must  be  taken t h a t  a. + 0. A l l  t h e s e  condi t ions  a r e  cont radic tory  

because i n  a tu rbu len t  flow t h e  magnitude <uxSu s3 is not  small compared with 
Y 

E, f o r  exmple .  

In t h e  l i g h t  of t h e  condi t ions  l i s t e d ,  t h e  o r i g i n a l  equations (without 



t h e  v i s c o s i t y  computation) y i e l d  

( u , ' ~ )  = 'l3E 2 ~ ' d  (ua) / axa 
(uarus'> = - v' ( a  (u,) / axp + a (us) / axa) 

c, (T'u!') = - k'ac, ( T )  /axi t 

v' - k' r "*ALE%, P' = v' /  k' = li 
I 

And t h e  expression f o r  t h e  v i r t u a l  v i s c o s i t y  becomes sca la r .  
1 

I f  t h e  passage t o  t h e  l i m i t ,  L -+ 0, is not  completed, we w i l l  ob ta in  

an expression f o r  t h e  Prandt l  turbulence number, P I ,  d i f f e r e n t  from one. 

Let u s  consider  t h e  spec ia l  case  of p lane-para l le l  motion (without taking 

i n t o  cons idera t ion  viscous f o r c e s  and t h e  t h i r d  order  moment) 

and f o r  t h i s  case  we have /71 
I 

f o r  t h e  va lues  of cons tants  adopted. 

Contained i n  t h e  equation a r e  t h e  cons tants  ao9 LA, as, go, Y ,Y from 
1 2  

which t h e  values  of a and A can be determined from t h e  r e l a t i o n s h i p s  t h a t  
s 

fol low from t h e  equations,  a s  we saw above. The o t h e r s  can be determined 

by comparing them with t h e  experimental data.  

A s  w i l l  be seen from t h e  very simple examples used, t h e  system sf 

equations obtained makes it poss ib le  t o  descr ibe  known behavior p a t t e r n s ,  

permits  cons idera t ion  of d i r e c t  d i f f u s i o n  and t h e  nonisotropic behavior of 

t h e  components of t h e  k i n e t i c  energy of pulsa t ion  motion, and t h e  in t ro -  

duction of nonisotropic eddy v i s c o s i t y ,  which proves t o  be s i g n i f i c a n t  $n 

many problems concerned with tu rbu len t  flow i n  a s t r a t i f i e d  medium, 
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